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Abstract 

This short note contains a list of new results concerning the Renyi entropy, 
the Tsallis entropy, and the Heun functions associated with positive linear op¬ 
erators. 
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1 Introduction 

This short note contains a list of new results supplementing the articles [TO] . 

m,m- 

The Renyi entropy and the Tsallis entropy associated with positive linear 
operators have been investigated in m and [12] . Section [2] is concerned with 
two new examples in this direction. 

The entropies are naturally related to some Heun functions, as explained in 
the mentioned articles. Using results from |4] and [13], the derivatives of these 
Heun functions are studied in Sections [3] and [4] 

Detailed proofs will be presented in a forthcoming paper. 


2 Integral operators 

Let Bm-i (xo, xi,... Xm] •) be the H-spline function of degree m — \ associated to 
the equidistant points xq < xi < • ■ • < Xm- Consider a given function cr € “^(K) 
such that cr(x) > 0, a: G R. For x,t G R, let 

Wn(x, t) := Bn-i (X — a(x),x — aix) H- ... ,x + ct(x); < ) , n > 1. 

V ri J 

The operator : '^(R) —>• “^(R) will be defined by 


Lnfix):=[Wn{x,t)f{t)dt, n > 1,/G'^(R),x G R. (1) 

Jr 
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Several properties of operators of this form are investigated, e.g., in m, m, 

The Renyi entropy and the Tsallis entropy associated with are, respec¬ 
tively, — log fg W^(x, t)dt and 1 —/^ W^{x, t)dt-, see, e.g., [TT] and the references 
therein. For the operator described by m, we have 


/ W^{x,t)dt = , a; e K, 

Jr 

where c„ > 0 is a constant depending only on n; in particular ci = i, C2 = I, 
c. = ^ 

Let ei(a;) = x'^, i = 0,1,2. The variance associated with is defined by 
Vnix) = Lne 2 {x) — {LnCi^x)) , X € K.; see [11]. In our case, 

Vn(x) = ^ , X e K. 

on 

Remark that the variance, the Renyi entropy and the Tsallis entropy are 
synchronous functions of x. 

Let now bn,j{x) := (")x'^(l — x)"“^, j = 0,1,..., n, x € [0, Ij. Then Bn : 
‘^[0,1] ^ '^[0,1], Bnf{x) := / (n) classical Bernstein 

operators. 

The Kantorovich modifications of are defined by 

Qlf'/ := f G no, l],n > fc > 0, 

where D is the differentiation operator and is an antiderivative of order 

fc of /; see |3] and the references therein. 

It can be proved that 

Jo \n n "n J 


Therefore, in order to compute the Renyi entropy and the Tsallis entropy 
[fcl 

associated with Qn , we need 



j j + 1 

n ’ n 


n J 


2 

dt. 


In fact, it can be proved that 


S^nU^) = 


Tl 2, 


3(n+l)4^ 


■J2i0n - 2i + 2)4^ 




2A /2n — 2i 


n — i 


^-2 


n + 2 
Stt 


J ^I — 4x(I — x) sin^ ^1-b 2 cos^ (2) 
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X e [0,1], 


The variance associated with Qn +2 is 

d2] . ^ n 


vrux) = 


2y 


-a;(l - x) + 


6(n + 2)2 


Again it follows that the variance, the Renyi entropy and the Tsallis entropy 
[21 

associated with synchronous functions. 


3 Heun functions and their derivatives 

With classical notation for Heun functions Hl[a,q]a, j3]^,5\x) and hypergeo¬ 
metric functions 2 ^ 1 ( 0 , &; c; cc) we have (see [12]) 


HI 


Q, 9 ; 2 g, l;l,l;a;^ = (1 - a;) q; 1; ^ 

J “ 4x(l — x) sin^ d(j). 


1 

TT 


The integral representation can be compared with (P|). 
Combined with 


2 ^ 1 ( 0 , b] c; a:) = (1 — x) “ 2^1 ( a, c — 6; c; 


a; — 1 


([3|) leads to 


HI 0, g; 2g, 1; 1,1; = (1 - 2x) SFi ^g, 1 - g; 1; ^ ^ . 

With notation from [10], [12], let 

G.(x) :=|:((” + *“‘)x‘a+xr"-‘)'. 

G„(x) ~ ^ ((”T*(l + x)-"i , 

k^O \ V / / 

It was proved in m that 

Fn{x) = HI Q, -n; -2n, 1; 1,1; xj , 


( 3 ) 


( 4 ) 


( 5 ) 
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G„(a;) = i/Z Q,n;2n, , ( 6 ) 

and, moreover, the polynomial Heun function Fn{x) and the rational Heun 
function Gn{—x) are related by 

G„(-x) = (1-2x)1-2"F„_i(x). (7) 

Similarly, Un{x) and Jn{x) can be expressed as 

Unix) = , (8) 

Recall that the Legendre polynomials P„(x) are related to 2 F 1 by 


2 Fi(-n,n + 1; l;a;) = P„(l - 2a:). (10) 

From (m, (HI and m we get 

F„(x) = (1 - 2x)-Pn • (11) 

This formula was proved (with a different method) by Thorsten Neuschel [7] 
and Geno Nikolov [S]; it was used in order to prove a conjecture involving the 
polynomials Fnix). 

The derivative of a Heun function F[l{a, q; a, 13] 7 , d] x) satisfying 

q = aaf3 (12) 

was studied in [4]. From the corresponding results we infer, for 77 ^ 0 ,—1,-2,..., 

^a/3;a,/3;7,7;a^) (13) 

= T^(l — ‘^x)Fll ^-,-(a + 2)(/3 + 2);a + 2,/3 + 2;7 + l ,7 + l;a;^ , 


^i7lQ,iaAa,/3;7,7;a: 

^ i(27 - a)(27 - ^); 27 - a, 27 - /3; 7 + 1,7 + 1 

The equality between the right-hand sides of m and da follows also from 
line 3 in Table 2 of [ 6 ]. Let us remark that the Heun functions in these right- 
hand sides satisfy also the condition a, so that it is possible to express their 
derivatives in terms of other Heun functions. 
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(15) 


From ([SJ and OSD we get 


—Fnix) = 2n(2x — l)Hl ( 3 — 3n; 2 — 2n, 3; 2, 2; x ) , 

ax 


and finally, for i = 0,1 ,..., n, 


HI ( (i — n)(2i + 1); 2(z — n), 2i + 1; i + 1, i + 1; X 


(16) 


(2i)!! ^^fi+j\f2i + 2j\f2n-2i-2j\ 

)■) I > )U+Jl "--j ) 



To conclude this section, let us remark that the Heun function from ([3]) satis¬ 
fies the condition (33) from [S]; the consequence of this fact will be investigated 
elsewhere. 


4 A confluent Heun function 


Let u{x) = HC{p, 7 , S, a, a; x) be the solution of the confluent Heun equation 

w"(x) + (ap+- + — u'{x) + % (x) = 0, (17) 

\ X X — 1 / x(x — 1) 

with m( 0) = 1 (See [I3])- From [T31 (21)] we get 

-^HC{p,^,0,a,4pa;x) = -—HC{p,^ + l,0,a + l,4p(a+ l);x), (18) 

ax 7 

-—HC{p, 7 ,0, a, 4pa; x) = —(x — l)HC{p, 7 -I- 1, 2, a -I- 2,4p(a -|- 1 ) — 7 — 1; x). 
ax 7 

(19) 

With notation from let 



Then (see [TU], [T^b 

xiF"(x) -I- (4nx -I- l)K'„{x) + 2niF„(x) = 0. 
We get immediately 

Kn{x) = HC 1,0, 2n; x^ . 

From (1191) and m it follows that 

HC (n, 2, 2, 6n - 2; x) = ^-^<(x). 


( 20 ) 


( 21 ) 


( 22 ) 
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Similarly, from (fT51) and (1^ . 


HC (^n, 2,0,^, 6n-,x^ =--^K'^{x). (23) 

Now applying repeatedly (fTSl) we can generalize (1^ to 


HC (^n,j -\-1,0, 2 ,2n{2j-\-l);x 

) (i) / \ J ^ Oj 

(24) 

where 




T 


iF«(0) = (-2n)^ ^ f ^ 
2—0 ^ 

(25) 

From (1^ we get 




2 n(2j + l)^(^.)^0, 

X 

(26) 


and this provides an alternative proof of (IMl) . 


References 

[1] M. Campiti, 1. Ra§a, C. Tacelli, Steklov operators and their associated 
semigroups, Acta Sci. Math. (Szeged) 74 (2008), 171-189. 

[2] M. Campiti, I. Ra§a, C. Tacelli, Steklov operators and semigroups in 
weighted spaces of continuous real functions, Acta Math. Hungar. 120 
(2008), 103-125. 

[3] H. Gonska, M. Heilmann, I. Ra§a, Kantorovich operators of order k, Nu- 
mer. Fund. Anal. Optimiz. 32 (2011), 717-738. 

[4] A. Ishkhanyan, K.A. Suominen, New solutions of Heun’s general equation, 
J. Phys. A: Math. Gen. 36 (2003), L81-L85. 

[5] T.A. Ishkhanyan, T.A. Shahverdyan, A.M. Ishkhanyan, Hypergeometric 
expansions of the solutions of the general Heun equation governed by two- 
term recurrence relations for expansions coefficients, arXiv:1403.7863, 

[ 6 ] R.S. Maier, On reducing the Heun equation to the hypergeometric equation, 
J. Differential Equations 213 (2005), 171-203. 

[7] Th. Neuschel, Unpublished manuscript, Univ. of Trier, 2 pp, 2012. 

[ 8 ] G. Nikolov, Inequalities for ultraspherical polynomials. Proof of a conjec¬ 
ture of I. Ra§a, J. Math. Anal. Appl. 418 (2014) 852-860. 

[9] D. Popa, I. Ra§a, Steklov averages as positive linear operators, to appear 
in FILOMAT. 


6 






[10] I. Ra§a, Special functions associated with positive linear operators, 
arXiv:1409.1015v2 [math.CAj. 

[11] 1. Ra§a, Renyi entropy and Tsallis entropy associated with positive linear 
operators, arXiv:1412.4971^^1 [math.CAj. 

[12] 1. Ra§a, Entropies and Heun functions associated with positive linear op¬ 
erators, Preprint 2015. 

[13] V.A. Shahnazaryan, T.A. Ishkhanyan, T.A. Shahverdyan, A.M. 
Ishkhanyan, New relations for the derivative of the confluent Heun func¬ 
tion, Armenian J. Phys. 5 (2012), 146-156. 


7 


